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Introduction 

In this paper we shall prove two theorems (Stability Theorem, Local Torelli 
Theorem) for symplectic varieties. 

Let us recall the notion of a symplectic singularity. Let X be a good rep- 
resentative of a normal singularity. Then the singularity is symplectic if the 
regular locus U of X admits an everywhere non-degenerate holomorphic closed 
2-form uj where to extends to a regular form on Y for a resolution of singularities 
Y — > X. Similarly we say that a normal compact Kaehler space Z is a sym- 
plectic variety if the regular locus V of Z admits a non-degenerate holomorphic 
closed 2-form u> where u> extends to a regular form on Z, where Z — > Z is a 
resolution of singularities of Z. When Z has a resolution tt : Z — > Z such that 
(Z, 7r*w) is a symplectic manifold, we call Z has a symplectic resolution. 

Examples 

(i) This is one of examples of symplectic singularities studied in [Be 1] . For 
details see [Be 1] and the references there. Let Q C P ra_1 be a general quadratic 
hypersurface. Identify a point of the Grassmannian Gr(2, n) with a line in P n_1 . 
Let Gr iso (2, n) be the subvariety of Gr(2, n) corresponding to the lines of P™ _1 
contained in Q. It is checked that dimGri SO (2, n) = dimGr(2, n) — 3 = 2n — 7. 
Embed Gr lso (2,n) into pi/2«(»-i)-i by the Pliicker embedding Gr(2,n) -> 
pi/2n(n-i)-i_ Now consider the cone X over Gr lso (2,n). Then the germ (X,0) 
at the vertex is a symplectic singularity of dimension 2n — 6. The X is actually 
obtained as the closure O m i n of the minimal nilpotent orbit O m i n of the Lie 
algebra Lie(SO(n)), and O m i n has the Kostant-Kirillov symplectic 2-form. 

(ii) Let A := C 2i /F be an Abelian variety of dimension 21. Let (zi, Z2, Z21-1, 
be the standard coordinates of C 21 . Then Z/2Z acts on A by — > — Z{ 
(i = 1, 21). The quotient Z of A by the action becomes a symplectic variety 
of dimension 21. A symplectic 2-form is, for example, given by Ei<j<jdzi Adzi+i. 
The Z has singularities, and Z has no symplectic resolution when I > 1. 

(iii) These are symplectic varieties studied by O'Grady [O]. Let S be a 
polarized K3 surface. Let c be an even number with c > 4. Denote by Mo, c 
the moduli space of rank 2 semi-stable torsion free sheaves with c\ = and 
C2 = c. Mq jC becomes a projective symplectic variety of dim = 4c — 6. The 
singular locus S has dimension 2c. Moreover, O'Grady showed that Mq,4 has a 
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symplectic resolution, however Mo, c has Q-factorial terminal singularities when 
c > 6 (cf. section 3 of the e-print version of [O]: |alg-geom/9708009l ). Therefore 
Mo, c have no symplectic resolution when c > 6. 

A symplectic singularity / variety will play an important role in the gener- 
alized Bogomolov decomposition conjecture (cf. [Kata], [Mo]): 

Conjecture: Let Y be a smooth projective variety over C with Kodaira di- 
mension 0. Then there is a finite etale cover Y' — > Y" such that Y' is birationally 
equivalent to Y\ x Y" 2 x Y" 3 , where Y\ is an Abelian variety, Y% is a symplectic 
variety, and Y3 is a Calabi- Yau variety. 

In this conjecture we hope that it is possible to replace Y2 and Y3 by their 
birational models with only Q-factorial terminal singularities respectively. Main 
results are these. 

Theorem 7(Stability Theorem): Let (Z,ui) be a projective symplectic 
variety. Let g : Z — > A be a projective flat morphism from Z to a 1-dimensional 
unit disc A with g -1 (0) = Z . Then uj extends sideways in the flat family so that 
it gives a symplectic 2-form uj t on each fiber Z t for ( £ A e with a sufficiently 
small e. 

In the above, the result should also hold for a (non-projective) symplectic 
variety (Z, uj) and for a proper flat morphism g. But two ingredients remained 
unproved in the general case (cf. Remark below Theorem 7). 

Let Z be a symplectic variety. Put £ := Sing(Z) and U := Z \ E. Let 
7r : Z — > S be the Kuranishi family of Z , which is, by definition, a semi-universal 
flat deformation of Z with 7f _1 (0) = Z for the reference point G S. When 
codim(E c Z) > 4, S is smooth by [Na 1, Theorem 2.4]. Z is not projective over 
S. But we can show that every member of the Kuranishi family is a symplectic 
variety (cf. Theorem 7'). Define U to be the locus in Z where 7f is a smooth 
map and let 7r : U — > S be the restriction of 7f to U. Then we have 

Theorem 8(Local Torelli Theorem): Assume that Z is a Q-factorial 
projective symplectic variety. Assume h (Z,Oz) = 0, h°{U,£tfj) = 1, diraZ = 
21 > 4 and Codim(E C Z) > 4. Then the following hold. 

(1) -R 2 7r*(7r -1 0s) is a free Os module of finite rank. LefH be the image of 
the composite i? 2 7F*C — > i? 2 7r*C — > R 2 tt*(ii~ 1 Os). Then H is a local system on 
S with n s = H 2 (U S ,C) for seS. 

(2) The restriction map H 2 (Z,C) — > H 2 (U,C) is an isomorphism. Take a 
resolution v : Z — > Z in such a way that v~ l {U) = U. For a € H 2 (U,C) we 
take a lift a G H 2 (Z,C) by the composite H 2 (U,C) = H 2 {Z,C) -> H 2 (Z,C). 
Choose uj G H (U,Qij) = C. This uj extends to a holomorphic 2-form on Z. 
Normalize uj in such a way that j^{ujuj) 1 = 1. Then one can define a quadratic 
form q : H 2 (U,C) ->Cos 
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q(a) := 1/2 ((wu)'"^ 2 + (1 - l)( f w l ZJ l - 1 a)( f J^rta). 

if Z J Z J z 

This form is independent of the choice of v : Z — > Z . 

(3) Put H := H 2 (U, C). Then there exists a trivialization of the local system 
H: U = H x S. LetV := {x E P(H):q(x) = 0,q(x + x) > 0}. Then one has a 
period map p : S —* V and p is a local isomorphism. 

Note that when Z is a symplectic variety with terminal singularities, the 
condition codim(S C Z) > 4 is always satisfied ([Na 2]). 

The stability theorem will be proved by using the following theorem and the 
fact that a projective variety with rational singularities has Du Bois singularities 
(cf. [Ko]): 

Theorem 4.. Let X be a Stein open subset of a complex algebraic variety. 
Assume that X has only rational Gorenstein singularities. Let S be the sin- 
gular locus of X and let f : Y — > X be a resolution of singularities such that 
/|y\/-i( E ) : Y \ = X \ S. Then f& 2 Y = i.fi^ where U := X \E and 

i : U — > X is a natural injection. 

The same result was obtained by D. van Straten and Stcenbrink [S-S] for 
an arbitrary isolated normal singularity with dim > 4, and later Flenner [Fl] 
proved it for arbitrary normal singularity with Codim(S C X) > 4. By Theorem 
4 X is a symplectic singularity if and only if X is rational Gorenstein and the 
regular part of X admits an everywhere non-degenerate 2-form (cf. Theorem 
6). This fact is often useful to determine that certain kinds of singularities given 
by G.I.T. quotient are symplectic (Example 6'). 

The local Torelli theorem has been proved for non-singular symplectic vari- 
eties by Bcauville [Be 2, Theoreme 5]. In our singular case, it is based on the 
Hodge decomposition H 2 {U,C) = H°(U,n^) © H 1 ^,^) © H 2 {U,O v ). We 
need the condition that codim(E C Z) > 4 to have this decomposition (cf. [Oh, 
Na 1, Lemma 2.5]). We shall prove that R 2 n*C is a constant sheaf around 
G S by using the Q-factoriality of Z. When Z is not Q-factorial, the state- 
ment for Ti in (1) does not hold as it stands because H 2 (Z, C) — ► H 2 (U, C) is 
not surjcctivc. 

We have formulated the local Torelli theorem for a projective symplec- 
tic variety, but it is possible to get similar statements for a general (non- 
projective) symplectic variety. For a non-projective symplectic variety, Q- 
factoriality should be replaced by a certain condition which is equivalent to 
the Q-factoriality in the projective case (cf. Remark (2) on the final page). 

The following problem would be of interest in view of Global Torelli Problem. 

Problem. Let Z be a Q-factorial projective symplectic variety with terminal 
singularities. Assume that Z is smoothable by a suitable flat deformation. Ls Z 
then non-singular? 
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In the first section we shall prove Theorem 4. Other two theorems are proved 
in the second section. 

Notation. Let J 7 be a, coherent sheaf on a normal crossing variety D. 
Assume that J 7 is a locally free sheaf on the regular locus of D. Then T = 
T /(torsion) by definition. Here (torsion) means the subsheaf of the sections 
whose support are contained in the singular locus of D. 

§1. Extension properties for Rational Gorenstein Singularities 

Proposition 1. Let X be a Stein open subset of a complex algebraic va- 
riety. Assume that X has only rational Gorenstein singularities. Let £ be the 
singular locus of X and let f : Y — > X be a resolution of singularities such that 
/|v\/- 1 (E) : Y \ / (E) = X \ £ and D := / (E) is a simple normal crossing 
divisor. Then /»f2y (log .D) = i*fiy where U := X \ E and i : U — > X is a 
natural injection. 

Proof. Let uj £ H°(U,Qu). w is a meromorphic 2-form on Y. In fact, 
Cokcr[f*Sl 2 — > ioOy] is a torsion sheaf whose support is contained in £. Hence 
<puj is an element of T(X, f*Qy) f° r a suitable holomorphic function <fr on X. 

Since (X,p) = (R.D.P) x (C"~ 2 , 0) for allp £ X outside certain codimension 
3 (in X) locus C S ([R- c ])> it is clear that /*f2y(logD) = i*flfj at such 
points p. Let F be an irreducible component of D with f(F) C So- Put 
k := dim S — dim /(F). We shall prove that u> has at worst log pole along F 
by the induction on k. 

(a) k = 0: 

(a-1): Put I := codim(S C X). Note that I > 3. Take a general I dimen- 
sional complete intersection H := Hi n ... n H n _i. Let p e H n /(-F). Since 
is general, p £ f(F) is a smooth point. Replace X by a suitable small open 
neighborhood of p. Then HDf(F) = {p}. H has a unique dissident point p and 
other singularities are locally isomorphic to (R.D.P.) x (C'~ 2 , 0). By perturbing 
ff we can define a fiat holomorphic map g : X — > A™~' such that the fiber Xo 
over e A™~' coincides with iJ. We may assume that g has a section passing 
through p and each fiber g~ x (t) intersects f(F) only in this section. The map 
/ : Y — > X gives a simultaneous resolution of X t (t £ A™~'). Since H is general 
and X is sufficiently small, D t := D C\Y t are normal crossing divisors of Y t for 
all t £ A"-'. Let D' be the union of irreducible components of D which are 
mapped in this section. D' — > A n ~ l is a proper map. We put w = g o f. We 
often write A for A"~ z . 

(a-2): We shall prove the following. 

Claim. By replacing A™~' by a smaller disc and by restricting everything 
(e.g. X, Y , D, D' ...) over the new disc, we have a subset K C Y which 
contains D' and which is proper over A™~' with the following property: 

The ui is mapped to zero by the comoposition of the maps 
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H (U,Sll)<*H (Y\D , ,a*r XD , (log D)) ^ H°(Y\K,Ct 2 (logD)) ^ H^Y, Ct 2 Y (log D)). 



If the claim is verified, then w\y\k extends to a logarithmic 2-form on Y. It 
is clear that its restriction to U is w. 

Proof of Claim. We shall first prove that R 1 n\Sl Y (log-D) = 0. There is a 
filtration 7r*fi A C Q C £l Y (logD) which yields exact sequences 

-> O y (logZ?) -» O y/A (lo gj D) -» 

tt*Q a g tt*^X <8> ^ y/A (logL>) -> 0. 
By the exact sequences it suffices to prove that R 1 tt\Oy = R 1 Tr\Q Y / A (logD) = 

^Tnn^OogD) = o. 

We shall use the relative duality theorem due to Ramis and Ruget [R- 
R] to prove these facts. Before applying the relative duality we note that 
J?V*Oy-/ 2 A (log £>)(-£>) = i^.n^ (log £>)(-£>) = R}-k& y/a (log £>)(-£>) = 

for i > i— 1. To prove these, weonly have to check that R l TT^n l Yt 2 (log D t )(—D t ) = 

i?V.fi^ 1 (log£)t)(-A) = R l TT*uj Yt = for i > / - 1 and for t £ A, for ex- 
ample, by using [B-S, VI, Cor. 4.5, (i)]). Since I > 3, these follow from a 
vanishing theorem in [St] except for the vanishing of R 2 TT^ft Yt (logD t )(— D t ). 
But, by the same argument as the proof of [Na-St, Theorem (1.1)] we see that 
R 2 n*(l Yt (logD t )(-D t ) = 0. 

Now the relative duality says that 

RmRWom(y ; fty/ A (log D)(-D) (g> n*^ 1 ,uj y ) 

= HHomtop(A, R7r*(0^ A (log £>)(-£>) ® Tr*^"'), w A ) 
for j = 0,1,2. 

Wehave R 1 ~ n Tr { KHom(Y;n Y / A (logD)(-D)(E)n*n r ^-\uj Y ) ^mO^QogD). 

Therefore we have to prove that £xtop 1 - n (A, Rtf* (O^ (log D)(-D)(gm*n A ~ L ), oj a ) = 
0. 

Choose a bounded complex of FN free 0\ modules L representing R7r»f2 y y A (log D)(—D) 
(cf. [R-R]). Since iJV.fi^ (log D)(-D) = for i > / - 1, we have H 4 (L ) = 
fori > l-l. LetQ := Ker[L 1 - 2 L 1 " 1 ]. Then RHomtop( A, R 7 r»(n y 7 A (log £>)(-£>)<g> 
tt*£I a ~ l ),lu a ) is represented by the complex Horn top (... — > L'~ 3 — > Q — ► 0..., fi A - ' [n— 
/]). Hence we know that fxtop 1 ~"(A, Rtt^O^ (log D)(-D) ®ir*9. n A l ), u> A ) = 
0. 
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We are now in a position to justify the claim. Let j : Y\D' — > Y . The u de- 
fines an element of (7r*j*j*f2y (log D))q. By a coboundary map (7r* i 7*j'*f2y(logZ)))o — > 
(i? 1 r 7I - ! _D'fiy(log_D))o, it defines the obstruction class o6(w) G (i^rv^'fiy (log D))q. 
By the observation above, ob(u) is sent to zero by the natural map (i? 1 r w ^'fiy (logD)) — ) 
(i? 1 7rifiy(log_D))o. Therefore there is a small disc A e C A and a subset 
K C 7r _1 (A € )(= Y e ) which contains (7r|£>/)~ 1 (A e )(= Z)Q and which is proper 
over A e , such that ob(u>) is already zero in H\- (Y e , fiy^log-D^)). This is nothing 
but our claim. 

(b) k: general 

(b-1): Take a general / + k dimensional complete intersection H := H\ (~1 ... fl 
H n _k-i- Let p G H fl f(F). p G / (F) is a smooth point. Replace X by a small 
open neighborhood of p. Then HCif(F) — {p}. By perturbing iJ, we can define 
a flat holomorphic map g : X — > A"~ fe ~ z with ,g -1 (0) = iJ. We may assume 
that <7 has a section passing through p and each fiber g -1 (t) intersects /(f) only 
in this section. The map / : Y — > X gives a simultaneous resolution of X t (t G 
A™~' _fe ). Since is general and X is sufficiently small, D t := .DnYf are normal 
crossing divisors of Y t for all t G A n - l - k . Let £>' be the union of irreducible 
components of D which are mapped in the section. Then D' — ► A"~ fc_i is a 
proper map. We put it = g o /. We often write A for A"~ fc ~'. By an induction 
hypothesis we have an isomorphism H°(Y \ D', Sly^ D , (log D)) = H°(U, fi^). 

(b-2): We shall prove the following 

Claim. By replacing A™~' by a smaller disc and by restricting everything 
(e.g. X, Y , D, D' ...) over the new disc, we have a subset K C Y which 
contains D' and which is proper over A™~' with the following property: 

The lu is mapped to zero by the comoposition of the maps 

H°(U,nl) ^H°(Y\D',Sl YXD , (log D)) ^ H (Y\K,n*(logD)) ^ H^Y, Q 2 Y (log D)). 



If the claim is verified, then uj\y\k extends to a logarithmic 2-form on Y. It 
is clear that its restriction to U is lo. 

The proof of the claim is similar to the claim in (a-2). When we ap- 
ply the relative duality we need the vanishings: i?V»^^t fe_2 (logD 4 )(— D t ) = 
R^Q 1 ^' 1 (log D t )(-D t ) = Wn*ujY t = for i > I + k - 1 and for t G A. 
Q.E.D. * 

Lemma 2. Letp G X be a Stein open neighborhood of a point p of a complex 
algebraic variety. Assume that X is a rational singularity of dimX > 3. Let 
f : Y — > X be a resolution of singularities of X such that E := f^ 1 (p) is 
a simple normal crossing divisor. Then H (Y, £l Y ) — ► H (Y, Q Y (logE)) are 
isomorphisms for i = 1,2. 

Proof. By the assumption we can take a complete algebraic variety Z which 
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contains X as an open set. We may assume that / is obtained from a resolution 
Z — > Z. Set V := Z \ E. Recall that the natural exact sequence 

-» ff»(2T, C) -► H j (V, C) -» H J E +1 (Z, C) -► 

is obtained from the following exact sequence of the complexes by taking hy- 
percohomology 

o -> n 2 n^(\ogE) n^(iogf?)/n^ -» o. 

Introduce the stupid filtrations F' (cf. [De]) on three complexes and take 
H.i(Grp) of the sequence of complexes. Then we have 

-► H j -\& 2 ) -» ffj'-^n^iog^)) -► ^'-'(^(log-Eyn^) -► . 

We know that this exact sequence coincides with the exact sequence 

- Gri(iF'(Z,C) - G4(^'(V,C) - G4(fTi +1 (Z,C)) - 

which comes from the mixed Hodge structures. In particular, the map fP' -8 (f2^ (log E) /fi^) 
is interpreted as the map Gr i F (H E +1 (Z, C)) Gr F (W +1 (Z, C)). 

We next consider the natural map of mixed Hodge structures: fP +1 (Z, C) — ► 
W +1 (E,C). We have Gr l F {W +1 {E, C)) S (cf. [Fr]), (see Intro- 

duction, for the notation Note that 0^ is isomorphic to the cokernel of 

the injection Q, l Y (\ogE){— E) — ► fiy. Therefore the composed map 



is interpreted as the map 

Gri.(ffi +1 (Z,C)) - Gr^ff^^C). 

By the isomorphisms H'(Y, C) = H'(E,C), H'(Y) have natural mixed 
Hodge structures. We put t/' := y \ E. 

(i = 2): We shall first prove that the natural map /? : H%(Y, C) -> iJ 3 (y C) 
is an injection. 

By a local cohomology exact sequence it suffices to show that a : H 2 (Y, C) — ► 
H 2 (U', C) is a surjection. Because X has only rational singularity, H 1 ^, Oy)® 
C = H 2 (Y,C). 

On the other hand, one can prove that <8> C -> H 2 (U\C) 

is a surjection; in fact, since iT(t/',C) = H'(y, R^fi^,) = H'(y, = 
H (y, fi^(log-E)) where j : [/' -> y is the immersion [De], and since H (U', C) = 
H'(U', fl'u,), we have a commutative diagram of Hodge spectral sequences 
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H*(Y,Q*r (log E)) = >HP+i(U',C) 

m(U',%,) ~> HP+KTT' ,c) 

Let i 7 ^ (resp. i 7 ^) be the filtration of H p+q (U', C) by the first (resp. sec- 
ond) spectral sequence. In particular, when p + q = 2, we have a surjection 
Gr° Fi H 2 (U',C) -> Gr° F2 H 2 (U',C). Because X has only rational singularity 
H 2 (Y,O y ) = 0, hence Gr° Fi H 2 (U' , C) = 0. Therefore Gr% 2 H 2 (U', C) = 0, 
which implies that the natural map H 2 (U',C) — ► H 2 (U' ,Ou>) is the zero 
map. It is now clear that H 2 (U', Z) — > H 2 (U', Ojj 1 ) is also the zero map, and 
hence i? 1 (C/', 0^,) — > H 2 (U' } Z) is a surjection. Therefore one has a surjection 
^(If'.O^giC H 2 (U',C). 

It is enough to prove that H 1 (Y,O y ) — ► H^iJJ', O*;,) is surjective in order 
to prove that a is surjective. Put /° := : U' —> U, where U := X \ {p}. 
Let I?i be irreducible exceptional divisors of / where f(Di) ^ {p}. Let L e 
Pic(U'). Since dimX > 3 and U C X is 1-concave at p, there exists a reflexive 
coherent sheaf f on I of rank 1 such that F\u = (fL)** by [S, Theorem 5], 
where ** means the double dual. By taking the double dual of both sides of 
the natural map (f)*fL — > L we get an injection ((f)*fL)** — > L, hence 
£ - ((f)* fL)** ® C;7'(Sa 4 A) with some a t > 0. On the other hand, we 
have an injection ((f)* fL)** (f*.UF)**\ w and M := (f*f*F)** e Pic(Y). 
We have ((f)* fL)** = M\ w ® O t7 ,(E(-6 i )A) with some 6, > 0. Therefore 
LSM®Oy(E(ai-6i)A)k'- 

We are now in a position to prove the lemma for (i = 2). Let us consider 
the exact sequence 

-» fi^/fi^ (log £)(-£) -f ^(Iog£;)/O 2 (log£;)(-S) -► O^(log^)/^ -» 0. 

From this sequence we have a map (5 : i7 (£, 0^(log -> i? 1 ^, ftf7ftf,(log £)(-£)). 

The map /3 is a morphism of mixed Hodge structures and S can be interpreted 
as the map Gr 2 F (H%(Y,C) -> Gr 2 F (H 3 (Y, C). We already proved that /? is an 
injection. Hence 5 is also an injection by the strict compatibility of the nitra- 
tions F. Note that 5 is factorized as H°(E, fl Y (log E)/Q Y ) i? 1 (y, Q, Y ) 
H 1 (E, n Y /n Y (logE)(— E)) where 7 is the last map in the following exact se- 
quence 

H°(Y,Q Y ) ^ H°(Y,Q 2 (log E)) ^ H°(E,Q Y (log E)/n Y ) -^H\Y,n Y ). 

Since S is injective, 7 is also injective. Hence r is surjective by the exact 
sequence. 



8 



(i = 1): We shall first prove that the natural map (3 : H%(Y, C) -> H 2 (Y, C) 
is an injection. By a local cohomology exact sequence it suffices to show that 
a : H 1 (Y,C) — > i? 1 ([/',C) is a surjection. Since X has rational singularities, 
the sequence 

H°(Y, O y ) -> iJ°(Y, y ) -> ff^y, Z) -► 

is exact. By the same argument as (i = 2), _ff 1 (C/',Z) — > iJ 1 (J7', Oy) is the 
zero map because X has rational singularities. Hence the sequence 

H°(U', Ou>) -» ff°(t/', O^,) -f tf 1 ^', Z) -f 

is also exact. The restriction map H (Y,O Y ) — ► H°(U' ,0^,) is an iso- 
morphism because it is factorized as iJ°(yO^) = H (X,O* x ) \ 
{p},Ox\{p}) = H°(U', €>{,,). Similarly the restriction map iJ°(y Oy) -» H (U',Ou>) 
is also an isomorphism. Hence the restriction H 1 (Y, Z) — ► iJ 1 (J7',Z) is an iso- 
morphism by the exact sequences above, and a is an isomorphism. 

Let us consider the exact sequence 

-» f2 y /f2 y (log.E)(— .E) -► ^(log^J/n 1 (log -► f2 y (log£)/r2 y -» 0. 

From this sequence we have a map S : #°(£, O y (log E)/fl Y ) -> H l (E, Q. Y /Q. Y (log E)(-E)). 
The map (3 is a morphism of mixed Hodge structures and 8 can be interpreted 
as the map Gr\. (H%(Y,C) -> Gr],(i7 2 (y C). We already proved that /3 is an 
injection. Hence 6 is also an injection by the strict compatibility of the nitra- 
tions F. Note that 5 is factorized as H°(E, fl Y (log E)/Vt Y ) iJ^Y.fi^) -> 
H 1 (E, Sly/Sly (log E){—E)) where 7 is the last map in the following exact se- 
quence 

H°(Y,Q Y ) ^ H°(Y,Q 1 (logE)) H°(E, fl Y (log E)/fL Y ) H^Y,^). 

Since 5 is injective, 7 is also injective. Hence r is surjective by the exact 
sequence. Q.E.D. 

Remark. In the proof of Lemma 2 the map H°(E, fly /SI 1 (log i?) (— E)) — ► 
H°(E, Q, l Y (log E)/Q, l Y (log E)(— E)) is surjective for i = 1,2 because we have 
proved that 5 is injective. 

Proposition 3. Let X be a Stein open subset of a complex algebraic variety. 
Assume that X has only rational Gorenstein singularities. Let £ be the singular 
locus of X and let f : Y — > X be a resolution of singularities such that D := 
/ _1 (£) is a simple normal crossing divisor and such that f\y\D '■ Y\D = X\H. 
Then f*n Y = .Utly (log D). 
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Proof. Since (X,p) ^ (R.D.P.) x (C"- 2 ,0) for all p G X outside certain 
codimension 3 (in X) locus So C S ([Re]), it is clear that /*f2y = /*£ly(log.D) 
at such points p. 

Let u> e if°(y, n y (log-D)). Let F be an irreducible component of £) with 
/(F) C So- Put k := dim S — dim /(F). We shall prove that ui is regular along 
F by the induction on k. 

(a) k = 0: 

(a-1): Put I := codim(S C X). Note that I > 3. Take a general I dimen- 
sional complete intersection H := Hi n H2 H ... n F„_j. Let p £ H P\ /(F). 
p G /(F) is a smooth point. Replace X by a small open neighborhood of p. 
Then H n /(F) = {p}. Moreover, H := / _1 (iJ) is a resolution of singularities 
of H. Since X has canonical singularities, H has also canonical singularities. H 
has a unique dissident point p and other singular points are locally isomorphic 
to (R.D.P.) x (C'~ 2 ,0). By perturbing H we can define a flat holomorphic 
map g : X — > A™~' with g _1 (0) = iF We may assume that g has a section 
passing through p and each fiber X t := .g _1 (t) intersects /(F) only in this sec- 
tion. Denote by p t G X t this intersection point. By definition p = The 
map / : Y —> X gives a simultaneous resolution of X t for i G A™ - '. Let £)' 
be the union of irreducible components of D which are mapped in this section. 
Since H is general and X is sufficiently small, every irreducible component of 
D' is mapped onto the section. D' — > A n ~ l is a proper map and every fiber 
D' t is a normal crossing variety. Note that f^ 1 (pt) = D' t . We put tt = g o /. 
We often write A for A"~ z . There are nitrations (7r|r><)*fi A C F G Of,, and 
n*il\ <Z G C fiy(logF') which yield the following exact sequences 

o-.F-n!,,-n2,, /A -o, 

-» (tt^O^a -» J 7 - (7t|u')*^a ® ^/A - 0, 
-» -> fi^logD') -» O y/A (logF') -» 0, 

-> tt*o a -> g tt*^X ® o r/A (iog£>') 0. 

(a-2): Let us consider the exact sequence 

fiy/Oy(log £)')(— D') -» n5r(IogD')/f2 2 (logD / )(-D / ) -» ^(logD 7 )/^ -» 0. 
We shall prove the following. 

Claim. The map H Q {D' ^ /H 2 {\ogD'){-D')) -» F°(F', 2 ,(logF')/0|,(logF')( 
is surjective. 

Proof. Note that Q y /Q r (log.D')(— £>') = O^,. By the exact sequences 
above we have two commutative diagrams with exact columns 
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H°(D',F) 



H°(D',g<Z)0 D .) 



H°(D',hl, /A ) 



H {D',ti 2 Y (\ogD')®O D >) 



H (D',Sl 2 Y/A (logD')®O D ,) 



(2) 



H°(A,n A ) 



H°{D',F) 



H {D,g(g>O D , 



(3) 



H°(D\fr D , /A ) 



®n-l 



if (L>',Q} 7A (log£>')®Or,0 



®n-l 



We shall show that H°(D', A ) = H°(D', Q*(log.D') ® £>£,/) = for 
i = 1,2. After these are proved our claim easily follows from the commutative 
diagrams above. 

First note that H°(D' t , ft*,,) = for t e A and for i = 1,2. In fact, if 

h°(D£,n^,) > 0, then h^D^O^) > by the mixed Hodge structures on 

H l {D' t ,G). On the other hand, A t has only canonical singularities, hence has 
only rational singularities. Therefore H l {Y tl OY t ) = 0. Then one can check that 
H l (D' t , Od') = 0. This is a contradiction. For details of this argument, see [Na 
1, Claim 1, (i) in the proof of Prop. (1.1)]. As a consequence we know that 
H°(D', nj,, /A ) = for i = 1, 2. 

We next note that ^(i) : H {D' t ,W DI ) i? ^, ^(logDj) <8> O^) are 
surjective for i = 1,2 by Remark below Lemma 2. Since H°(D' t ,Cl l D ,) = 0, 
this implies that H°(D' t , (log £){) <g> O^) = 0, hence H°(D', ft^ /A (log D') 
Or,-) = for i = 1,2. Q.E.D. 

(a-3): We shall continue the proof in the case k = 0. By taking cohomology 
of the exact sequence 
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o -» tiy/tiy (log d')(-d') -» n^(iogD')/n 2 (iogD')(-D / ) -» Oy(iog£>')/o^ -» o. 

and by applying Claim in (a-2) we see that 5 : H°(D', Sl Y QogD')/fl Y ) — ► 
i? 1 ^', ft^/Of, (log £>')(-£>')) is an injection. The map (5 is factorized as #°(L>', Of, (log 
H l (Y, Q Y ) -> H^D', n Y /Sl Y (logD')(-D')) where 7 is the last map in the fol- 
lowing exact sequence 



H°(Y,Q Y ) ^ H°(Y,n 2 (log D')) -> H (D',n 2 Y (\ogD')/n 2 Y ) ^H\Y,Q y ). 

Since 5 is injective, 7 is also injective. Hence r is surjective by the exact 
sequence. Q.E.D. 

(b) k : general 

(b-1): Take a general l + k dimensional complete intersection H := fliPl-f^n 
... (~1 ff„_;_fe. Let p E H n / (F). p e /(F) is a smooth point. Replace X by a 
small open neighborhood of p. Then H n /(F) = {p}- Moreover, if := f^ 1 (H) 
is a resolution of singularities of H. Since X has canonical singularities, H has 
also canonical singularities. By perturbing H we can define a flat holomorphic 
map g : X — > A n ~ l ~ k with 5~ 1 (0) = if. We may assume that 5 has a section 
passing through p and each fiber X t := g (t) intersects /(F) only in this 
section. Denote by p t £ X t this intersection point. By definition p = p. The 
map / : Y — > X gives a simultaneous resolution of X t for t G A n ~ l ~ k . Let D' 
be the union of irreducible components of D which are mapped in this section. 
Since H is general and X is sufficiently small, every irreducible component of 
D' is mapped onto the section. D' — > A™~' is a proper map and every fiber 
D' t is a normal crossing variety. Note that f^ 1 {pt) = D[. We put 7r = g o /. 
We often write A for A«-'- fc . There are nitrations (■k\ d >)*Q.' 2 a C J 7 C tl 2 D , and 
7r*fi^ C Q C f2y(log£>') which yield the same exact sequences as (a-1). 

By an induction hypothesis we have an isomorphism H°(Y, Q^(log-D') = 
H°(Y, ft 2 , (log £>). Therefore we have to prove that H°(Y, SI 2 ,) -> H°(Y, ^(log D') 
is a surjection (hence an isomorphism). 

(b-2): Let us consider the exact sequence 

tiy/tiy (log D'){-D') -» 0^(lo gj D')/^ 2 (logF')(-F') -» ^(logD 7 )/^ -» 0. 
We shall prove the following. 

Claim. The map H°(D' ,{l 2 Y /n 2 (log D')(-D')) -» iJ°(L>', fi^(log£>')/fi^(log£> / )(--D / 
is surjective. 

The proof is similar to Claim in (a-2). 

(b-3): Once Claim is proved, then H°(Y,Q, Y ) -> H a (Y, ft 2 , (log D') is an 
isomorphism by the same argument as (a-3). Q.E.D. 
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By combining Propositions 1 and 3 we have the following. 

Theorem 4.. Let X be a Stein open subset of a complex algebraic variety. 
Assume that X has only rational Gorenstein singularities. Let S be the sin- 
gular locus of X and let f : Y — > X be a resolution of singularities such that 
/| n/ -i (E ) : Y \ = X \ E. Then /*f^ i.fi^ where U := X \ £ and 

i :U ^> X is a natural injection. 

§2. Symplectic Varieties 

We shall begin this section with the stability of Kachlerity under small de- 
formation. 

Proposition 5. Let Z be a compact normal Kaehler space with rational 
singularities. Then any small (flat) deformation Z t of Z is also a Kaehler 
space. 

Proof. By a theorem of Bingener [B] we only have to prove that the map 
H 2 (Z, R) — > H 2 (Z,Oz) induced by a sheaf homomorphism Rz — > Oz is sur- 
jective. Let / : Z — > Z be a resolution of singularities. Since Z has only rational 
singularities, we know that i? 1 /*R^ = 0. Consider the commutative diagram 
with exact rows 

> H 2 (Z,R) > H 2 (Z,R) ► H (Z,R 2 .UR) 

1 1 (4) 

> H 2 (Z,O z ) > H 2 (Z,0 2 ) ► 

By Hodge theory the middle vertical map is surjective. The surjectivity of 
the left vertical map follows from the following claim. 

Claim. im[H 2 (Z,R) -t H°(Z, R 2 f»R)] = im[H 2 (Z, R)nH 1 ^ 1 -> H°(Z, R 2 f*R)]. 

Proof. It suffices to show that, if an element a £ H 2 (Z,H) has the Hodge 
decomposition a = a( 2 ' ) + a^< 2 \ then <j)(a) = 0. Since a' 2,0 ' = a^°' 2 \ we 
only have to prove that 4>c {aS 2 '^) = 0. We shall show that, for every point 
z £ Z, </>c(o^ 2 '°^)z = in (i? 2 /»C) z . Let v : W — > Z be a projective bimero- 
morphic map such that W is smooth and D := (/ o iy)^ 1 (x) is a simple normal 
crossing divisor of W. Put h := / o v. Since R 1 v lr C = 0, R 2 /*C injects to 
i? 2 /i»C. Therefore we have to check that c^ 2,0 ' is sent to zero by the compo- 
sition of the maps H 2 (Z,C) ff 2 (VK,C) (R 2 h*C) z (= H 2 (D,C)). Since 
the map H 2 (Z, C) — > H 2 (D,C) is a morphism of mixed Hodge structures, it 
preserves the Hodge filtration F. In particular, it induces Gr F (H 2 (Z,C)) — ► 
Gr 2 F (H 2 (D,C)). Since a ( 2 >°) G Gr 2 F (H 2 (Z,C)), c (a (2 ' o) ) £ Gr 2 F (H 2 (D,C)). 
On the other hand, Gr F (H 2 (D, C)) = because Z has rational singularities; if 
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Gr 2 F (H 2 (D,C))^0, then Gr° F (H 2 (D, C)) = H 2 (D, O d ) + which contradicts 
the fact that Z has rational singularities. For details of the argument, see [Na, 
Claim 1, (i) in the proof of Prop. (1.1)]. Q.E.D. 

By Theorem 4 we have another definition of a symplectic singularity. 

Theorem 6. Let X be a Stein open subset of a complex algebraic variety. 
Then X is a symplectic singularity (for the definition, see Introcuction) if and 
only if X has rational Gorenstein singularities and the regular locus U of X 
admits a everywhere non-degenerate holomorphic closed 2-form. 

Proof. By [Be 1] if X is symplectic, then X has rational Gorenstein singu- 
larities. Hence, "only if part holds. On the other hand, by Theorem 4, "if part 
holds. Q.E.D. 

Example 6'(cf. [O, 1.5]): Let c be an even positive integer with c > 4 and 
let E be a C vector space with dimi? = c, equipped with a non-degenerate 
(alternative) 2-form uj : E x E — > C. Let W be a 3-dimcnsional C vector space 
with a non-degenerate symmetric form k : W x W —> C. Let SO(W) be the 
special orthogonal subgroup of GL(W) with respect to k. Put 

Hom w (W, E) := {</> G Hom(W, E); (jfuj = 0}. 

Let X := Hom w (W,E)//SO(W). Identifying Hom(W,E) = W* ® E with 
W ® E by k, we can define a 2-form u> on Hom(W, E) by ui(a ® [3, a' ® (3') := 
K(a, a')u{P, (3') for a, a' G W, (3, (3' G E. Let Hom"(W, E) s be the open subset 
of Horn" (W, E) which consists of points with trivial isotropy group and with 
closed orbits. Then U := Hom w (W, E) s /SO(W) becomes the regular part of 
X. Put S := Sing(X). By calculations dimX = 3c — 6 and dimS = c. The 
2-form a>| H om"'(w,E) B descends to a symplectic 2-form lojj on U. By a theorem of 
Boutot [Bo] we see that X has rational singularities because Horn" (W, E) has 
only rational singualrities. a' 3 / 2 ^ c_3 oj[/ gives a trivialization of the dualizing 
sheaf of X; hence X has rational Gorenstein singularities. By Theorem 6 X has 
symplectic singualrities. 

Theorem 7. Let (Z, u) be a projective symplectic variety. Let g : Z — > 
A be a projective flat morphism from Z to a 1-dimensional unit disc A with 
g _1 (0) = Z . Then oj extends sideways in the flat family so that it gives a 
symplectic 2-form ui t on each fiber Z t for t G A e with a sufficiently small e. 

Proof. We shall shrink A suitably in each step of arguments, but use the 
same notation A after shrinking. Put dimZ = 21. 

Let va : Z — > Z be a resolution. Let ui G H a (Z, ^o*^|) be a symplectic 
2-form. We take the conjugate u> G H 2 (Z,0^) by the Hodge decomposition 
H 2 (Z,C) = H°(Z,(l 2 ~) (BH^Z^n 1 -) ®H 2 {Z,Oz). Since Z has only rational 

singularities, H 2 (Z, 0%) = H 2 (Z, Oz)\ by this isomorphism we regard u> as an 
element of H 2 (Z,Oz)- Since Z t are projective varieties with rational singulari- 
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ties, the natural maps H l (Z t , C) — > H l (Z t , Oz t ) are surjective for all i by [Ko, 
Theorem 12.3]; hence by [D-J] FPg^Oz are locally free sheaves which are com- 
patible with base change. Therefore u> extends sideways and defines non-zero 
uj t e H 2 (Z t ,Oz t ) for each t. Since A l cu £ H 2l (Z, Oz) = C is not zero, we also 
have A l uJ t ^ in H 2l (Z t ,Oz t ) = C. Take a resolution Z t — ► Z t , and identify 
H 2 (Z t , Zt ) with H 2 (Z t ,Oz t ). By Hodge decomposition of H 2 (Z t ,C), we take 
the conjugate u t £ H°(Z t ,fl 2 ~ ) of uJ t . Note that ^ A l uj t £ H°(Z t ,u>2 t ) = C. 
This implies that w t is everywhere non-degenerate at regular locus of Z t because 
LOz t is trivial, and we know that Z t is a symplectic variety. 

However, by the fibcrwisc argument above, it is not clear whether to holo- 
morphically extends sideways. We shall prove that u) actually extends sideways 
by using Theorem 4. Let U := {z £ Z\ g is smooth at z }. Denote by i the 
natural inclusion of U to Z. Put F := fi^ A , F := Q 2 , and U :=U C\ Z. i^F 
is a coherent torsion free sheaf on Z, and hence is flat over A. By the exact 
sequence 

— > i*F i^F — > i*F 

we know that i*F ® 0z Oz —> i*F is an injection, hence h°(i*F ®q z Oz) < 
h°(uF ). 

On the other hand, for general i, h?{i*F®o z Oz t ) = h°(i*F t ). This is proved 
in the following way. Since t £ A is general, we may assume that g : Z — > A 
has a simultaneous resolution a : Z — > Z if we replace A by a suitable open 
neighborhood of t. Put f = go a. We have a commutative diagram: 

1 ( g ) 

Zt 

The horizontal map at the bottom is an isomorphism by Theorem 4. We 
shall prove that if°(a*Q| ®o z ®z t ) —* H°(a t ^il 2 y ) is surjective; if so, then 
H°(i*F ®o z ®z t ) — * H°(i*F t ) is also a surjection by the diagram, and hence is 
an isomorphism. Now apply base change theorem to (a*fl^ , g) and (^^ a j /)• 
Then we have a commutative diagram 

g*(a*n 2 ~ /A )®k(t) > ff°(Z t ,a*Q| /A ®0 Zt ) 

I I w 

/.fi| /A ®fc(*) ► #°(Z t ,a t .fi| t ) 

The vertical map on the left hand side is clearly an isomorphism. The 
horizontal maps are both isomorphisms if t is general. Hence the vertical map 
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on the right hand side is also an isomorphism by the diagram. Therefore, for 
general t, h°(i*F (g> 0z Zt ) = h°(i*F t ). 

Let ft : Zf —> Z t be a resolution of singularities. By Theorem 4 i*F t = 
v t Sl\. Since h°(i*F t ) = ti>{Z u Sl\~) = h 2 {Z u O it ) = h 2 (Z u O Zt ), h°{i*F t ) 
is a constant function of t. h°(i*F ®o z ®z t ) lSi an upper semi-continous func- 
tion of t. For any t, h°(i*F ®o z ®z t ) < h°(i*F t ) and the equality holds for 
general t. Since h°(i*F t ) is constant, this implies that h°(i*F ®o z ®z t ) is con- 
stant and h°(i*F ®o z Oz t ) = h°{i*F t ) for all t. By a theorem of Grauert (cf. 
[Ha, Corollary 12.9]) g*(i*F) is a locally free sheaf on A and the natural map 
g*(i*F) (g>o A fc(0) -> H°(i„F <g) 0z O z ) = H (i*F ) is an isomorphism. This 
implies that there is a lift Co E r(<7 _1 (A e ), , A ) of u. Let us consider A n ^ 2 uj as 

a section of the dualizing sheaf u> z . Then A n / 2 Cb can be regarded as a section of 
W2 ( /a £ • Since A n ^ 2 uj generates the line bundle lo z , A n / 2 oj also generates wz E /A e , 
if necessary, by taking e smaller. Therefore uo t ■— &\u t is a non-degenerate 2- 
form for t E A e . Since Z t has only rational Gorenstein singularities, (Z t ,u)t) is 
a symplectic variety by Theorem 6. 

Remark. By virtue of Proposition 5, Theorem 7 seems true even when g is 
a proper flat morphism and Z is a symplectic variety. The missing ingredients 
consist of two parts; (a) for a compact Kaehler space Z with rational singu- 
larities, are the natural maps H l (Z,C) — > H l {Z,O z ) surjective for all i ? (b) 
does Theorem 4 hold for an arbitrary rational Gorenstein singularity ? (in the 
proof of Theorem 4 we used a vanishing theorem of [St] and this vanishing the- 
orem is only known for the case X is embedded as an open subset in a complex 
projective variety.) 

If these two questions are affirmative, Theorem 7 holds in this full generality. 
The following will be used later. 

Theorem 7'. Let (Z,ui) be a symplectic variety with codim(E C Z) > 4. 
Let g : Z — > A" be a proper flat morphism from Z to a n- dimensional unit disc 
A" with g _1 (0) = Z . Then oj extends sideways in the flat family so that it gives 
a symplectic 2- form oj t on each fiber Z t for t E A™ with a sufficiently small e. 

Proof. As in the proof of Theorem 7, we put IA :— {z E Z; g is smooth 
at z }. Denote by i the natural inclusion of U to Z. Write 7r for g o i. Put 
F := fi^ , A , F := Q 2 , and U := U n Z. When n > 1, i*F is not necessarily flat 
over A™. Instead of using base change theorem we shall apply the comparison 
theorem between formal and analytic higher direct images by Banica [B-S, VI 
Proposition 4.2]. 

Let ti, i 2 , t n be coordinates of A™. We assume that Z p is Kaehler and 
codim(Sing(Z p ) C Z p ) > 4 for all point p E A™. 

(i): For n-tuple of positive integers (ii, ii, i n ) , and for a point p = 
(pi, ...,p n ) E A™, we put A {ilt ,„ tin . p) = C[ii, ...,i„]/(0i-pi)S (t 2 -p2) i2 , (t n - 
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p n ) tn ) and A (il) ... )in . p ) := SpecA (ili ... iin . p) . Define F (ili ... iin . p ) := F(8)o An OA (fl j( 

and f7(j lv .. ;in . p) := W x A ™ A (ili ... iin . p) . When p = (0,0, ..., 0), we write A (ili ... iin) 
(resp. A (il) ... )in) , f/ ( j 1; .. . )in) ) for inip) (resp. A (ili ... iin . p) , U (il in . p) ). 

(ii) : For the later use we shall extend the notation above to the case where 
some indices ii are infinity. For simplicity, we assume that i\ = oo, ik-i = oo 
and ik, i n are positive integers. The notation in the general case would be 
clear from the explanation below. Write A n = A<fc x A>^, where A<fe is 
the k — 1 dimensional polydisc with coordinates t\, tk-i and A>k is the 
n — k + 1 dimensional polydisc with coordinates tk, i n . For n — k + 1- 
tuplc of positive integers (ik, i„), and for a point p = (pi k , ...,p n ) G A>^, 
we define A (o0; ... ;00;ifei ... iin . p) as A <fc x SpecC[t fe , ...,t n ]/((t k -p k ) lk ,(tk+i - 
Pk+iY k+ \ (in - Pn) 1 ")- Now i ? (oo,...,oo, lfc ,..., l „; P ) and ?7( 00l ... 1 oo,u,...,i„;p) are 
defined in a similar way as the case where i\, ...,i n are all finite. We denote by 
C(u,...,i„;p) the structure sheaf of A^ i n - P )- 

Claim. (1) fflir+Ffa in . p ) are coherent for j = 0,1 and for all (ii,...,i n ) 

with < ik < oo (1 < k < n). 

(2) The natural maps 7r*.F( il+ i ;i2; ... ;in;p ) -> 7r*F( ilii2i ... iin;p ), 7T*.F( il;i2+ i ; ... ;in;p ) 

7I "*- F (»i,i2,-,*»;i>)> 7r*^ , ( ll , l2 ,..., l „+i;p) -> 7r*^ 1 ( ll , l2 ,..., l „;p) are surjective for all 
(ii, i n ) with < ifc < oo (1 < fc < n). 

(3) 7r*F is /oca//?/ /ree and ir^F <8> fc(p) = H°(U, F p ) for each p G A™. 

Proof. We shall first prove (1) and (2). We finally conclude (3) by combining 
the comparison theorem [B-S, VI, Proposition 4.2] with (1) and (2). 

(1) : Since codim(£ C Z) > 3 and depth(F( il ; . p )) q = dimU(i 1 i . p ) for 

,i n ;p)' **-^(ii,...,i„;p) and i? i*^(»i,...,» n ;p) are both coherent. By the 
exact sequence 

-> i? 1 fif*(uF( il; ... ;in . p) ) i? 1 7r*i 7 ( ilj ... j i„ ;p ) -> g*(R 1 i*F ilu ,,^ ln . p) -> R 2 g*(i*F (ll 

we know that Wn^F/^^ ^^.p) are coherent for j = 0, 1. 

(2) : We assume that p = (0,0, ...,0) because the proof are the same for all 
points p. Since codim(S C Z) > 4, the spectral sequence 

£f 9 := H q (U, => H p+q (U, C) 

degenerates at E\ terms when p + q = 2 ([Oh, Na 1, Lemma 2.5]). Let U m — > 
S m be a flat deformation of U over 5 m := SpecA m where A m := C[i]/(i m+1 ) 
with m G Z >0 . Then, by [Na 1, Lemma 2.6], we see that the spectral sequence 

E™ := fr«(I7,fiP m/Sm ) => HP+"(U,A m ) 

degenerates at E\ terms with p + q = 2. Here A m means the constant sheaf on 
U with values in A m . If we put /7 TO _i := /7 TO x Sm S m _i, then the restriction 
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map H q {U, Sly / s ) — > H q (U, ^ s i ) is surjective for (p, q) withp+q = 2 
([Na 1, lemma 2.6]). 

To prove (2) we only have to check that i*-P(ii+i,i2,...,i„) * 7T *F(ii.i 2 ,. ...in) 

is surjective by symmetry. One can split up the surjection Au 1+ i t i 2 »„) ~~ * 

■^(ti,...,»„) mto a finite sequence of small extensions: Ar il+1 in \ = A^ N ~> — » 

A^" 1 ) -> ...A^ i4 (il) ... )in) where TV = dim c ^(i,...,i n ). By definition, if, := 
ker[A^ +1 ' — > A^] are one dimensional C vector spaces. For each A^ +1 ^ — ► 
we can choose homomorphisms of local C algebras C[t]/(t mj+1 ) — > and 
C[t]/(£ mj ') — > in such a way that the diagram 

► Jfj ► ► AW) ► 



(7) 

> (t m o > C[t]/(r^ +1 ) > C[t]/(t m ► 

commutes and <j)j is an isomorphism. We put := Z Xa» SpecA^), := 
F ®o z Z(j) , Z mj := Z x A n SpccC[t]/(t m ; +1 ) and F mj := F Oz Zm .- 
By the previous observation, 7r»F mj — > 7r*F mj _i is surjective. We see that 
7r*F(j +1 ) — ► 7r*F(j) is surjective by the commutative diagram. Hence we know 
that 7r*.F( il+lii2) ... )in ) -> 7r*F (ili i 2i ... iin ) is surjective. 

(3): We shall prove, by induction on k, that 7r*i 7 '(oo,...,oo,i ( .,...,i„;p) are free 

C(oo,...,oo,ii,...,i„;p) modules and 7T*f(oo,...,oc,i fc + l,...,i„;p) * 7T *F(oo,...,oo,i k ,...,i n ;p) 

are surjective for all n — k + 1 tuple (i^, i„) without infinity. For k = 1, they 

are nothing but (2) of Claim. Let (^F^ oo.i fc ,...,i„;p)Tp fc _i be the completion 

of 

7r *-P , (cxD,...,cxD,i fe ,...,i n ;p) along the divisor {tk-i — Pk-i} of A". 
It suffices to prove that (7r»F ( ^...^ ifc+lj ... jin . p )) P(c _ 1 (7r*F( 00; ... ;00;ife; ... ;in . p )) N p Ai _ 
are surjective for all p^-i in order to prove that tt^F^ oc.i fc +i,...,i„;p) ~ * 
7r *F(oo oo,i k i„:p) are surjective. By the comparison theorem [B-S, VI, Propo- 
sition 4.2] and by (1), we have 

(^"*-^(oo,...,oo,ifc ,.. .,i Tl ))pfc-i — hm 7T^ F^qq^ . ,oo,m,ifc v"i*n>Pfc — 1 5 p) ' 

Note that p = (p k ,...,p n ) e A> fe , and p fe _i G A^ifc-i), where A^ifc-i) is 
the 1-dimensional disc with a coordinate tk-i- By the induction hypothesis, the 
maps 

7T *F(oo,...,oo,m,ik + l,...,i n ;Pk-l,p) > 7r *F(oo,...,oo,m,i k ,...,i n ;Pk-l,p) 

and 

7t*F(oc,.. . ,oo,m+l,l,.. . ,i n ',Pk- 1 5 p) ^ ^"*-^(oo,.. . ,oo,m,l,...,i n ;pfc_i ,p) 

are both surjective for all Pk-i- Therefore we conclude that 

( 7T *F(oo,...,co,i k + l,...,i n ))pk-l y ( 7r *^(oo,...,oo,i t .,...,i„))p fc _i 
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are surjective for all pk-i- 

We shall next prove that n Sf F( il in . p \ are free Oi ilt _^ in . p \ module. 

We shall prove that 7r*F( 00j ... i00i j fci ...,i n -, p ) is a free C(oo,...,oo,i fc ....,i„;p) module 
by assuming that 7r«F( 0Oi ... i0Oi * |l ._ li ... i , n; p-) are free 0(oo,...,oo,* fe _i,...,* n ;p') modules 
for all *j G Z >0 and all p' 6 A>fc_i. 

We use the induction on the lexicographic order of (ik, ■ i n )- First 7T*.F( 00; ... ;00; i j ... j i ; p) 

is a free 0(oo,...,oo,i,...,i;p) module; in fact, let (7r*F( 00j ... j00; i i : p))p fc _i be the 

completion of Tr*-? 1 ^ oo,i,...,i;p) along the divisor {tk-i = Pk-i} of A". Then 

( 7T *F(oo,...,oo,l,...,l;p))pk-i = lim 7r *-^ 1 (oo,...,oc,m,l,...,l;pi ; _i,p) • 

Since 7r*F( 00i ... i00iTO;li ... i i ;j , fe _ liP ) are free 0(oo,...,oo,m,i,...,i;p fe _i,p) modules by 
assumption and 7r»i ;l ( ocv _ OCNmjli ... 4 .p (e liP ) — > 7r*i ?1 ( 00; ... ;00;m _i ; i i ... i i ; p ; ._ li p) are 
surjective, the right hand side is a free 0(oo,...,oo,i,...,i;p) module. Therefore, 

^*F(oc oo,l,. ..,l;p) is a free C(oo,...,oo,l,...,l; 

p) module. 

Next consider 7r»i ;l (ocv _ 0<Mfc _^ ?i .p). By induction 7r*F (0Oi ... i0Oiijb _ li ... iin . p ) = 

7r*F(oo,...,oo,i fc ,...,i„;p) ( X'Coo,...,oo,i t; -l,...,i„;p) is isomorphic to (Ooc,...,oo,i fc -l,...,i„:p)) r - 

By Nakayama's lemma, we have a surjection from (0oo,...,oo,i fc ....,i„;p)) r to 7r*.F( 00; ... ;(X); j J . ; ... ; 3 n; p). 
We then have a commutative diagram with exact rows: 



,oo,l, it 



Hi,.. .,i n ;p)) 



; P )) r 



o)) f 



"(...,00,1,. 



»;p) 



(...,oo,ife, 



»;p) 



(....oo.ifc — l,i fc+ i, 



On each row, the first map is injective and the second one is surjective. The 
right vertical map is an isomorphism. The middle vertical map is surjective; 
hence, by the Snake Lemma, the left vertical map is surjective. On the other 

hand, by the induction hypothesis, 7r*F(... )0O)1) ... )in . p j is a free 0(... ;00 ,i i„ ;p ) 

module of rank r. This implies that the left vertical map is an isomorphism. 
Again, by the Snake lemma, the middle vertical map is an injection, hence an 
isomorphism. Q.E.D. 

Proof of Theorem 7' continued. By Claim (3) the symplectic 2-form 10 on 
U extends sideways. Since Theorem 4 (hence Theorem 6) holds for a (non- 
algebraic) singularity with codim(S C X) > 4 by [Fl], the rest of the argument 
is the same as Theorem 7. Q.E.D. 

We now consider the following situation: Let Z be a symplectic variety. Put 
S := Sing(Z) and U :— Z \ S. Let 7f : Z — > S be the Kuranishi family of Z, 
which is, by definition, a semi- universal flat deformation of Z with 7r _1 (0) = Z 
for the reference point G S. When codim(S C Z) > 4, S is smooth by [Na 1, 
Theorem 2.4]. Define U to be the locus in Z where 7f is a smooth map and let 
7r : U — > S be the restriction of W to U. The following is a generalization of the 
Local Torelli Theorem [Be 2, Theoreme 5] to singular symplectic varieties. 



(8) 

nip) 
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Theorem 8 Assume that Z is a Q-factorial projective symplectic variety. 
Assume h x {Z,O z ) = 0, h°(U,Ql) = I, dimZ = 21 > 4 and Codim(S C Z) > 4. 
Then the following hold. 

(1) R 2 ir*('K~ 1 Os) is a free Os module of finite rank. LetH be the image of 
the composite i? 2 7f*C — > i? 2 7r*C — ► i? 2 7r»(7r _1 (I)s). TTien H is a local system on 
S with n s = H 2 (U S ,C) for s G S. 

(2) The restriction map H 2 (Z,C) — > H 2 (U,C) is an isomorphism. Take a 
resolution v : Z — > Z m suc/i a way teat = £/. For a G H 2 (U, C) we 
tefce a Zz/i a G i? 2 (Z, C) fey tfie composite # 2 (f7, C) S H 2 {Z, C) -» ii 2 (Z, C). 
Choose u) G H (11,^1^) = C. T/iis a> extends to a holomorphic 2-form on Z. 
Normalize lo in such a way that J^(uxj) = 1. Then one can define a quadratic 
form q : H 2 (U,C) C as 

g(a) := J/2 [{ujW) l ~ l a 2 + (1 -/)( / / 
T/iis /orm is independent of the choice of u : Z — > Z. 

(3) Pw£ if := H 2 (U, C). TTien teere exists a trivialization of the local system 
H: H = H x S. Let V := {x G P(iTj; <?(x) = 0, q(x + x) > 0}. Tfcen one ftas a 
period map p : S — > I? and p is a local isomorphism. 

Remark. (1) The assumption that Codim(S C Z) > 4 is always satisfied 
when Z has only terminal singularities [Na 2, Theorem]. 

(2) One can apply Theorem 8 for Z for irreducible symplectic V-manifolds 
(cf. [Fu]); but the results seems rather trivial by Schlcssinger's rigidity theorem 
for quotient singularities. 

Most interesting objects are M 0jC in Example (iii) (c > 6) of Introduction. 
Mo. c conjccturclly satisfy the assumption of Theorem 8. Since they have more 
complicated singularities than quotient singularities, one expects that they give 
non-trivial examples for Theorem 8. Actually Theorem 8 is motivated by them. 

Proof of (1): The first statement follows from the following result. 
Proposition 9. The spectral sequence 

E™ = R q n*% /S => R^n^n^Os) 

degenerates at Ei terms for p+q = 2. Moreover, E\' q are locally free sheaves 
for p + q = 2. 

Proof of Proposition 9. (a): E 2 ' is locally free and compatible with base 
change by Theorem 7'. Since Z is Gorenstein and Codim(S C Z) > 4, H 2 (Z S , Oz s ) = 
H 2 (U S , Oy B )- Therefore E®' 2 is also locally free and compatible with base change 
by the proof of Theorem 7. By [Na 1, Theorem 2.4] S is amooth. Since 
h}{Z, Oz) = 0, we have h°(Z,Q z ) — 0, hence ir : Z — > 5 is the universal 
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family. This implies that Ts, s — H 1 (U s ,Qu 3 ) for s G S, where Ts. s is the 
tangent space of S at s. On the other hand, there are natural identifications 
H 1 (U S , @u s ) — H l (JA s ,^lii) by a relative symplectic 2-form of 7r (such a 2-form 
exists by Theorem 7'). Therefore, E^ 1 is locally free and compatible with base 
change. 

(b) : We shall prove that the composed map H 2 (Z : C) — > H 2 {U,C) — > 
H 2 (U,C) is surjective when we choose S small enough. Since H 2 (Z,C) = 
H 2 (Z, C), it suffices to show that the restriction map a : H 2 (Z, C) — ► H 2 (U, C) 
is surjective. Let 1/ : Z — » Z be a resolution of singularities whose excep- 
tional locus £ is a simple normal crossing divisor. Then a can be factorized 
as H 2 (Z, C) — > H 2 (Z,C) — > H 2 (U,C). There is an exact sequence of mixed 
Hodge structures 

C) -> i/ 2 (Z, C) -» ff 2 ([/, C) -> C). 

Note that H^(Z) has the mixed Hodge structure with weights > 3. On 
the other hand, H 2 (U) has the pure Hodge structure [] of weight 2 because 
Codim(E C Z) > 4. Therefore # 2 (Z, C) -> iJ 2 (f/, C) is a surjection. 

We shall prove that, as a C vector space, H 2 (Z,C) is generated by the 
image of H 2 (Z,C) and the image of Hg(Z,C); if this is proved, then a is 
surjective by the exact sequence. Let E = EJ3j be the irreducible decomposition 
and denote by [Ei] G H 2 (Z,C) the cohomology class corresponding to the 
divisor Ei. Then we have H%(Z,C) = ®C[Ei\. Since Z is Q-factorial and Z 
has only rational singularities, im[H 2 (Z,C) — > H°(Z, R 2 i/„C)] = im[©C[Ei] — > 
H°(Z,R 2 ^C)] by [Ko-Mo, (12.1.6)]. Note that H 2 (Z,C) = Ker[H 2 (Z,C) -> 
H°(Z, R 2 i/„C)] because Z has only rational singularities. The argument here 
shows that the restriction map H 2 (Z, C) — > H 2 (U, C) is, in fact, an isomorphism 
because H 2 (Z,C) — > H 2 (Z,C) is an injection. (Note that i?V*C = because 
Z has rational singularities.) 

(c) : Let fc(0) be the skyscraper sheaf supported at G S which is defined 
as the quotient Os/m , where m is the ideal sheaf of G S. Then the natural 
map (R 2 tt4t:- 1 Os))o -> i? 2 7r*(7r- 1 fc(0)) is surjective. In fact, (i? 2 7r,,(7r- 1 O s ))o 
factors the map (i? 2 7f*C)o — > -R 2 7r*(7r _1 A;(0)). This map is nothing but the map 
H 2 (Z, C) -> H 2 (U, C) which is a surjection by (b). 

1 Since Codim(S C Z) > 4, by [Oh, Na 1, Lemma 2.5] the Hodge spectral sequence 
Ht(U,n P v ) => H p+q (U,C) degenerates at Ei terms when p + q = 2. Moreover, h 2 (U, O v ) = 
h°(U,Q.y). This filtration coincides with the Hodge filtration of the mixed Hodge structure 
on H 2 (U,C). In fact, there is a natural map <j> Pl q : H*(Z, Qj(logB)) -> H q (U, U^) for each p 
and q. By [Fl] or Proposition 1, we have v*Q 2 - (log E) = hence 02, o i s an isomorphism . 

On the other hand, since Z has only rational singularities and Codim(S C Z) > 4, ip0,2 is an 
isomorphism. Recall that the spectral sequence H q (Z, Q p ~(logE)) => H p+q (Z, CI'- (log E)) = 

H p+q (U,C) degenerates at E\ terms. Then we know that 4>\,\ is also an isomorphism. Thus 
our filtration coincides with the Hodge filtration of the mixed Hodge structure of H 2 (U, C). 
Since h 2 (U, Ou) = h°(U,Qy), the mixed Hodge structure is pure. 
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We are now in a position to prove the E\ degeneracy of the spectral sequence. 
Let C T 2 C T 1 C T° = R 2 ir*(ir- 1 O s ) be the decreasing filtration defined 
by the spectral sequence. By checking the coherence of each E p ' q term (under 
the assumption codim(S C Z) > 4), we can see that T % are coherent. We shall 
prove that (Gr^o = (.R 2_i 7r*f2^ g )o for i = 0, 1, 2. 

(i = 0): Since E^ C E®' 2 , it is enough to prove that the map (R 2 tt^(tt~ 1 Os))o —> 
(R 2 n^Ou)o is surjective. We have a commutative diagram 



(i? 2 ^(^- 1 s )) o > (R 2 ^O u )o 

H 2 (U,C) > H 2 (U,Ou) 

By (c) the vertical map on the left hand side is surjective. By (a), (R 2 ir*Ou)o® 
fc(0) = H 2 (U, Ou). Since codim(S C Z) > 4, the spectral sequence 

H q {U,%) => H p+q (U,C) 

degenerates at E\ terms when p + q = 2 ([Oh, Na 1, Lemma 2.5]). Hence the 
horizontal map at the bottom is surjective. By Nakayama's Lemma we see that 
the horizontal map on the top is also surjective. 

(i = 1): By the assumption, E®' 1 = 0, hence E^ C E^ . It is enough 
to prove that (J- 1 )o —* {R l7r *^li/s)o i s surjective. We have two commutative 
diagrams: 



(J 71 )® fc(0) 



(R 2 TT,(TT~ 1 Os)®k(0) 



(R 2 ir.O u ) ® fc(0) 



H 2 (U,C) 



H 2 (U,Ou) 



(^)o 



(R 1 nMl l/s )o 



(11) 



H\U,Sl}j). 



The F 1 in the first diagram is the filtration of H 2 (U,C) induced by the 
spectral sequence 



H q (U,n p v ) => H p+q (U,C). 

The rows in the first diagram are exact. Moreover, F\ — > i? 1 (/7, fiL) is 
injective by definition of F\. Let us look at the first diagram. By (a) the 
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vertical map on the right hand side is an isomorphism. The middle vertical map 
is surjective by (c). Hence the vertical map on the left hand side is surjective. 

We next observe the second diagram. The map (.T 7 )o — ► F 1 is surjective 
because it is factorized as (T 1 ) a -> (T 1 ) ®fc(0) -> F 1 . Since Gr], = iJ^f/, fi^), 
the horizontal map at the bottom is surjective. Since (i? 1 7r : ri^ s ) <8> fc(0) = 
H 1 ^, 0^), the map (J? rl )o — > (i? 1 ^*^ / g )o is surjective by Nakayama's lemma. 

(i = 2): By the assumption E\' = and E®' 1 = 0; hence C E 2 '" . We 
shall prove that (J- 2 )q — > (7r*fi^y s )o is surjective. We have two commutative 
diagrams: 

(.F 2 ) ® fc(0) > (J" 1 )®^;^) ► (R 1 ^*^/ s ) ® fc (°) ► 



^2 > F i 

(^ 2 )o 



^2 

In the first diagram the vertical map on the right hand side is an isomor- 
phism, and the middle vertical map is surjective by the argument of (i = 1). 
Therefore ^-" 2 (8>fc(0) — > i* 12 is surjective; this implies that, in the second diagram, 
the vertical map on the left hand side is surjective. Look at the second diagram. 
Since the horizontal map at the bottom is an isomorphism and the vertical map 
on the right hand side is surjective by (a), we conclude that (J r2 )o — ► (7r*fi 2 / y s ) 
is surjective by Nakayama's lemma. Q.E.D. 

Let us prove that H is a local system on S with TL S = H 2 (Ji. Sl C) for s e 
S. First note that i? 2 7r*(7T _1 0s) ® k(s) = H 2 (U S ,C) by Lemma 9 because 
R q n*Ci^, s , p+q = 2 are compatible with base change, and the spectral sequence 
H q (U s , Sly ) => H 2 (U S , C) degenerates at E x terms with p + q = 2. We take 
S small enough so that Z has strong deformation retract to Z. Choose s £ S. 
Then we have a diagram: 

H 2 (U, C) «- H 2 (Z, C) -► H 2 (Z S ,C) -► H 2 (U S ,C). 

The map H 2 (Z,C) — > H 2 (U,C) is an isomorphism by (b); hence we have 
a map S : H 2 (U,C) H 2 (U Sl C). Consider the map t : r(S,.R 2 7f»C) 
r(5, i? 2 7r H ,(7r _1 05)) induced by the sheaf homomorphism R 2 tt„C — > R 2 tt*C — ► 
i? 2 7r»(7r _1 05'). Denote by t(s) the composite of t with the evaluation map 
at s: r(6 , ,i?V(7r- 1 O s )) H 2 (U S ,C). For cr e r(5, i?V (tt" 1 ^)) we see 



.(12) 



tf°(L/,ft 2 ). 



(13) 
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that (i(s))(a) — (/> s ((t(0))(cr)). If we choose o\,...,a r G T(S, R 2 n*C) in such 
a way that (t(0))(<7i), (t(0))(oy) span H 2 (U,C) as a C vector space, then 
(t(s))(<7i), (t(s))(ay) also span H 2 (U S ,C) for each s 6 5, if necessary, by 
replacing £ by a smaller one. This implies that H 2 (Z S ,C) — > H 2 (U S ,C) is 
surjective in the diagram. Since H 2 (Z S ,C) — > H 2 {U S ,C) is injective (cf. the 
final statement of (b)), it is an isomorphism. Moreover, since dimff 2 (£/ s , C) are 
constant, we know by the diagram that H 2 (Z, C) = H 2 {Z S1 C). This completes 
the proof of (1) of Theorem 8. 

Proof of (2) and (3): The statement of (2) is now clear from the arguments 
in the proof of (1). In the proof of (1), we have constructed an isomorphism (f> s : 
H 2 (U, C) H 2 (U S ,C) for each s£ S. The trivialization H x S -> H is given by 
(x, s) — ► 4> s { x ) £H S = H 2 (U S ,C). By Theorem 7' and the assumption, 7r*f2^ g 
is a line bundle on S and is compatible with base change. Then we can choose 
Co G T(S, TT^fly^g) in such a way that uj — uj and j u (u) s u) s ) 1 = 1 for s £ S. By 
Hodge decomposition H 2 (U S , C) = J?°(W a , fi&J © H 1 ^,^) © H 2 (U s ,0 Us ), 
lj s becomes an element of H 2 (U S , C). Now the period map p : 5 — > P(H) is 
given by s — > [(/>7 1 (a) s )]. The image of p is contained in X>, and p is a local 
isomorphism between 5* and V. The proofs are similar to [Be 2, Theoreme 5]. 

Remark (1): In (2) the quadratic form q(a) can be defined by an arbitrary 
lift a G i? 2 (^, C) of a G iJ 2 (?7, C). The proof is as follows. Note that (cf. (b) 
of the proof of Proposition 9) 

Kcr[H 2 (Z, C) -» H 2 (U, C)] = im[©iC[Ei] -» H 2 (Z, C)]. 

Since /^a>'cj' _1 [ii'i] = a;' -1 ^'^] = 0, we only have to prove that J^(wZU)' -1 = 
0, /3 G ff 2 (Z, C). It is enough to prove that lo 1 - 1 \ Ez = 0. Set Si = v{E t ). We 
blow up Z further and replace v by a new resolution for which the inverse image 
of Si is a simple normal crossing divisor. Hereafter we call this new resolution 
v : Z — > Z and put F := v^ 1 (Si). By definition, F contains an irreducible 
component which is birational to the original E\. By abuse of notation we call 
this component Ei. We only have to check that io l ~ 1 \E i = for the new Ei. 
We shall derive a contradiction by assuming that cu l ^ 1 \E i ^ 0. Consider the 
map F — > Si induced by v. For p G Si, denote by F p the fiber over p. For a 
general point p G Si, F p is a normal crossing variety. Since Codim(Si C Z) > 3 
by assumption, we have no non-zero holomorphic 21 — 2 forms on Si. Therefore, 
if uj \Ei 7^ 0, then, for a general point p G Si, H°(F P , ftp ) ^ for some i > 0. 
Put fc = dim Si and take a general complete intersection of Z by fc hyperplanes: 
i? = Hi n ... n H k . Put # := v^iH). H has canonical singularities, hence 
has rational singularities. Moreover, / : H — ► i? is a resolution of singularities. 
Choose a point from H (~\ Si. We may assume that this pi G S*i is general in 
the above sense. Note that = F Pi . Since W f*Ofj = for j > 0, we see 

that W{F pi ,0 Fp ,) = for j > 0. By the mixed Hodge structure on H° (F pi ) 

we conclude that H° (F Pi , tt 3 Fp ) = for all j > 0. This is a contradiction. 
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Remark (2): In Theorem 8, if we replace the Q-factoriality condition by the 
next condition (*), then it is also valid for a non-pro jective symplectic variety: 

(*) im[H 2 (Z,Q) -+H (Z,RVQ)] = im[©Q[Ei] ^>H (Z,RVQ]. 

This condition is equivalent to the Q-factoriality when Z is projective [Ko- 
Mo, (12.1.6)]. But when Z is non-projective, they do not seem equivalent; 
for example, when Z has no Weil divisors, Q-factoriality is meaningless. The 
condition (*) is an open condition for a family of symplectic varieties with 
terminal singularities. 

References 

[B-S] Banica, C, Stanasila, O.: Algebraic methods in the global theory of 
complex spaces, Wiley 1976 

[Be 1] Beauville, A.: Symplectic singularities, e-print, alg.geom. 9903070 

[Be 2] Beauville, A.: Varietes Kahleriennes dont la premiere classe de Chern 
est nullc, J. Diff. Gcom. 18, 755-782 (1983) 

[Bo] Boutot, J-F.: Singularites rationnelles et quotients par les groupe 

reductifs, Invent. Math. 88, 65-68 (1987) 

[B] Bingcncr, J.: On deformations of Kaehler spaces, I, Math. Z. 182, 

505-535, (1983) 

[De] Deligne, P.: Theoric dc Hodge II, Publ. Math. I.H.E.S. 40, 5-58, 

(1971) 

[D-J] Du Bois, P., Jerraud, P.: Une propriete dc commutation au change- 
ment de base des images directes superieures du faisceau structural, 
C.R. Acad. Sc. Paris, t.249, 745-747, (1974) 

[Fl] Flcnncr, H.: Extcndability of differential forms on non- isolated sin- 

gularities, Invent. Math. 94, 317-326 (1988) 

[Fr] Friedman, R.: Global smoothings of varieties with normal crossing, 

Ann. Mathll8, 75-114 (1983) 

[Fu] Fujiki, A.: On primitively symplectic compact Kaehler V-manifolds, 

In: Classification theory of algebraic and analytic manifolds, 1982, 
71-250, Progress in Math. 39, Birkhauser, 1983 

[Ha] Hartshorne, R.: Algebraic Geometry, GTM 52, Springer 

[Kata] : Open problems §6, in Classification of algebraic and analytic man- 
ifolds, Katata Symposium Proceedings 1982 sponsored by Taniguchi 
Foundation, K. Ueno, ed. Prog, in Math. 39, Birkhauser (1983) 



25 



[Ko] Kollar, J.: Shafarevich maps and automorphic forms, Princeton Univ. 

Press 

[Ko-Mo] Kollar, J., Mori, S.: Classifications of three-dimensional flips, J. Am. 
Math. Soc. 5, 533-703, (1992) 

[Mo] Mori, S.: Classification of higher dimensional varieties, in Alg. Geom 
Bowdoin 1985, Proc. Symp. in Pure Math. 46, (1), 269-332 

[Na 1] Namikawa, Y.: Deformation theory of singular symplectic n-folds, to 
appear in Math. Ann. 

[Na 2] Namikawa, Y.: A note on symplectic singularities, preprint 

[Na-St] Namikawa, Y., Steenbrink, J.: Global smoothing of Calabi-Yau three- 
folds, Invent. Math. 122, 403-419, (1995) 

[O] O'Grady, K.: Desingularized moduli spaces of sheaves on a K3, J. 

rcine angew. Math. 512, 49-117, (1999) 

[Oh] Ohsawa, T.: The Hodge spectral sequence and symmetry on compact 

Kaehler spaces, Publ. RIMS, Kyoto Univ. 23, 613-625 (1987) 

[R-R] Ramis, J. P., Ruget, G.: Residue et dualitc, Invent. Math. 26, 89-131, 
(1974) 

[Re] Reid, M.: Canonical 3-folds, in Alg. Geom. Angers 1979, cd. 

Beauville, 273-310 

[S] Siu, Y.T.: A Hartogs type extension theorem for coherent analytic 

sheaves, Ann. Math. 93, 166-188, (1971) 

[St] Steenbrink, J.: Vanishing theorems on singular spaces, Asterisque 

130, 330-341, (1985) 

[S-S] van Straten, D., Steenbrink, J.: Extendability of holomorphic dif- 
ferential forms near isolated hypersurface singularities, Abh. Math. 
Scm. Univ. Hamburg 55, 97-110, (1985) 



Department of Mathematics, Graduate school of science, Osaka University, 
Toyonaka, Osaka 560, Japan 



26 



